Abstract. This paper presents a Riemannian trust region algorithm for unconstrained optimization problems with locally Lipschitz objective functions defined on complete Riemannian manifolds. To this end we define a function Φ : T M → R on the tangent bundle T M , and at k-th iteration, using the restricted function Φ| Tx k M where Tx k M is the tangent space at x k , a local model function Q k that carries both first and second order information for the locally Lipschitz objective function f : M → R on a Riemannian manifold M , is defined and minimized over a trust region. We establish the global convergence of the proposed algorithm. Moreover, using the Riemannian ε-subdifferential, a suitable model function is defined. Numerical experiments illustrate our results.
introduction
Most classical problems considered in optimization are formulated in Banach spaces, where the linear structure plays an important role. However, many problems in computer vision, robotics, signal processing and geometric mechanics, to name but a few, are more conveniently expressed as optimization problems on Riemannian manifolds [4, 38, 34, 45, 48, 51] . Therefore it is of eminent interest to develop useful computational and theoretical tools of optimization on manifolds. This paper is concerned with the numerical solution of optimization problems defined on Riemannian manifolds where the objective function may be nonsmooth.
Many algorithms for solving the following unconstrained optimization problem,
where f : R n → R is continuously differentiable, have been proposed. Trust region methods are an important class of iterative methods due to their strong global convergence and fast local convergence; see [17] . In this class of iterative methods, a step to the k + 1-th iterate is obtained by minimizing a model function Q k defined by
over a restricted region centered at the current iterate. It is worth pointing out that in this model function, B k is adequately selected and the model function preserves the first and second order information of the objective function f . The so-called trust region ratio evaluates an agreement between the model and the actual objective reductions along the computed step. Considering the trust region ratio, one can decide whether the step is accepted or rejected. After that the trust region radius is updated and a new point is obtained. The classical trust region methods for smooth problems cannot be used for nonsmooth ones since in general the gradient of the objective function at the current iterate does not exist. Several trust region methods for minimizing a nonsmooth objective function defined on a linear space have been presented and applied to the nonlinear equations problem, the nonlinear fitting problem, and the constrained optimization problems; see [42, 18, 3] and references therein. The most well-known nonsmooth trust region methods begin from a starting point x 1 which may not be close to the minimum of the objective function f : R n → R. They use a function Φ : R n × R n → R to build at each iteration a model Q k defined by
which must be an approximation of f (x k + d) for small d. Therefore, they should impose some conditions on the function Φ : R n × R n → R and the sequence of the symmetric matrices B k . For instance, [42] is among the first works on trust region methods for unconstrained optimization problems with locally Lipschitz objective functions; in that article several conditions on B k and Φ : R n × R n → R are proposed, which insure that Q k is an approximation for f (x k + d) for small d and the algorithm is convergent.
Nonsmooth trust region algorithms approximately solve the subproblem min
to obtain d k . Using the trust region ratio, either the step is accepted or rejected. The extension of nonsmooth trust region algorithms and their (global) convergence properties to Riemannian manifolds are the subject of the present paper. A manifold, in general, does not have a linear structure; hence the usual techniques, which are often used to study optimization problems on linear spaces cannot be applied and new techniques need to be developed.
There is clearly a link between the techniques of optimization on manifolds and standard constrained optimization approaches. However, there are manifolds that are not defined as constrained sets in R n ; important examples are Grassmann manifolds [6, 14] or symmetric positive definite matrices [9, 40, 54] . To solve optimization problems on these spaces, intrinsic methods are a popular method of choice.
A manifold is, per definition, locally isomorphic to a linear space via chart maps. For this reason one might wonder whether it suffices to simply work in a chart domain and use classical linear algorithms. Unfortunately, such an approach does in general not lead to useful algorithms: First of all symmetries of the underlying Riemannian manifold will in general not be respected by such algorithms. Moreover, there often does not exist a canonical useful representation for charts. But more fundamentally, localizing to a chart inevitably leads to distortions in the metric which leads to much slower convergence. Finally, we are interested in establishing global convergence of the algorithms which we study. Such a property is clearly out of reach by working in a chart domain, which is a local procedure (it should now also be clear that the mathematical analysis of global convergence requires global arguments from Riemannian geometry and cannot be deduced from corresponding linear results). For all those reasons, together with the evident need for efficient and reliable Riemannian optimization algorithms, the construction and study of intrinsic algorithms has become a thriving area of research in the past few years.
The development of Riemannian nonsmooth optimization algorithms is primarily motivated by large-scale applications that have gained much popularity in recent years regarding the framework of l 1 optimization, stochastic optimization, and statistical learning. Those applications include robust, sparse, structured principal component analysis, statistics on manifolds (e.g. median calculation of positive semidefnite tensors), and low-rank optimization (matrix completion, collaborative filtering, source separation); see [32, 52, 53, 51] . Furthermore, these algorithms have many applications in image processing, computer vision, nonsmooth constrained optimization problems on linear spaces; [5, 15, 21] .
Previous Work. For the optimization of smooth objective functions many classical methods for unconstrained minimization, such as Newton-type and trustregion methods, have been successfully generalized to problems on Riemannian manifolds; see [1, 4, 19, 38, 44, 49, 50, 55] . The recent monograph [2] by Absil, Mahony and Sepulchre discusses, in a systematic way, the framework and many numerical first-order and second-order manifold-based algorithms for minimization problems on Riemannian manifolds with an emphasis on applications to numerical linear algebra; see [2] .
As we discussed above, one of the most important methods in the unconstrained optimization of smooth functions is the trust region method due to its strong global convergence and fast local convergence. In [1] , a Riemannian trust region method for smooth functions on Riemannian manifolds was introduced. Similar to Euclidean trust region methods, the Riemannian trust region method ensures global convergence properties while allowing superlinear local convergence. The trick in [1] was to define a retraction R on a Riemannian manifold M that defines for any x ∈ M , a one-to-one correspondence R x between a neighborhood of x in M and a neighborhood of 0 x in the tangent space T x M . Using this retraction, the objective function f on M is lifted to an objective function f x = f • R x on T x M . Then a quadratic model of f x is defined, and a classical method on the Euclidean space T x M is used to compute a minimizer of the model within a trust region around 0 x ∈ T x M . Afterward, the minimizer is lifted back to M to be a new candidate for the next iterate. The most noticeable point in the mentioned trust region method is that it does not deal with a unique objective function since in any iteration the retraction is changed. However, the authors proved that under some conditions, the nice properties of the classical trust region method are preserved in their Riemannian generalizations.
In considering optimization problems with nonsmooth objective functions on Riemannian manifolds, it is necessary to generalize concepts of nonsmooth analysis to Riemannian manifolds. In the past few years a number of results have been obtained on numerous aspects of nonsmooth analysis on Riemannian manifolds; see [7, 8, 27, 28, 29, 37] .
Recently, some mathematicians have started developing nonsmooth optimization algorithms for manifold settings although their attempts are limited to generalizing some subgradient based and proximal point algorithms. In [10, 13, 22] , constrained minimization problems on Hadamard manifolds are solved using a generalization of the proximal point method. There have also been some studies by Ferreira, Bento and Oliveira and their colleagues who generalized subgradient-type methods for convex and quasiconvex functions defined on Riemannian manifolds; see [11, 12, 20, 23, 41] . Finally, it is worth mentioning paper [21] , which presents a survey on Riemannian geometry methods for smooth and nonsmooth constrained optimization as well as gradient and subgradient descent algorithms on a Riemannian manifold. In that paper, the methods are illustrated by applications from robotics and multi antenna communication.
Contributions. Our main contributions are twofold. First, we impose some conditions on a function Φ : T M → R, where T M is the tangent bundle of a Riemannian manifold M , to insure that our model function
preserves the first order information of the locally Lipschitz objective function f : M → R. Our proposed conditions are generalizations of the conditions in [42] . Our first main result, Theorem 3.6, states that, provided these assumptions are satisfied, then the Riemannian trust region scheme which iteratively (approximately) minimizes the model function Q k on a ball in T x k M converges globally to a critical point of f . As the second main contribution of this paper, in Section 4 we propose several choices for a suitable function Φ, the simplest one being the Clarke generalized directional derivative of f as a function T M → R. However, this function is only practical if the subdifferential of f can be computed explicitly, which might not be the case. Therefore, based on an approximation scheme for the so-called ε-subdifferential first introduced in [25] for the Riemannian case, we also present a numerical approximation of the subdifferential which is efficiently computable and which still yields a globally convergent algorithms. This is carried out in Section 4.
To the best of our knowledge, the resulting algorithm is the first practical nonsmooth trust region algorithm for locally Lipschitz functions defined on Riemannian manifolds. In Section 5 we present some numerical experiments. Our proposed algorithm is implemented in MATLAB and applied to some nonsmooth problems with locally Lipschitz objective functions. Numerical results show that the proposed algorithm has a far better performance in some problems in comparison with existing first order methods, such as subgradient descent.
preliminaries
Throughout this paper, M is an n-dimensional complete manifold endowed with a Riemannian metric ., . on the tangent space T x M ; see [33] . As usual B(x, δ) denotes the open ball with respect to the Riemannian distance centered at x with radius δ. For the point x ∈ M, exp x : U x → M defines the exponential function at x, where U x is an open subset of T x M . For a minimizing geodesic γ : [0, l] → M connecting x to y in M, and for a vector v ∈ T x M there is a unique parallel vector field P along γ such that P (0) = v, this is called the parallel translation of v along γ. The mapping T x M v → P (l) ∈ T y M is a linear isometry from T x M onto T y M . This map is denoted by L xy . An easy consequence of the definition of the parallel translation along a curve as a solution to an ordinary linear differential equation implies that the mapping
when x is in a neighborhood U of x 0 , is well defined and continuous at ( [7, Remark 6.11] . Note that i M (x) denotes the injectivity radius of M at x; that is the supremum of the radius r of all balls B(0 x , r) in T x M for which exp x is a diffeomorphism from B(0 x , r) onto B(x, r). If U is a compact subset of a Riemannian manifold M and i(U ) := inf{i M (x) : x ∈ U }, then 0 < i(U ); see [30] .
A set S in a Riemannian manifold M is said to be convex if every two points p 1 , p 2 ∈ S can be joined by a unique geodesic whose image belongs to S.
A real valued function f is said to be locally Lipschitz on M if f is Lipschitz near x, for every x ∈ M ; that is for every x ∈ M , there exit an open neighborhood B(x, δ) and a real number k > 0 such that | f (z) − f (y) |≤ kdist(z, y) for every z, y ∈ B(x, δ), where dist is the Riemannian distance on M .
It is easy to see that the metric on T M can be defined as follows; see [16] . Assume that u, v ∈ T M , π : T M → M is the projection map, and let γ be a piecewise smooth path from x = π(u) to y = π(v), whose derivative is never zero. Let L γ xy be the parallel translation along γ. We define the square of the distance from u to v as the infimum over all paths
To justify the above assertion, note that over a small piece of γ, parallel translation gives us a canonical identification of any two tangent spaces, and hence the tangent bundle is metrically the product of an interval and R n . If x and y are two points in the same convex neighbourhood in M , let γ be the geodesic joining them and L xy be the parallel translation along γ from the tangent space at x to the tangent space at y. Then
Moreover,
A nonsmooth trust region method on Riemannian manifolds
Assume that f : M → R is a locally Lipschitz function on a complete Riemannian manifold M .
The trust region algorithm proposed in the present section, which is based on [42] , relies on the choice of a function Φ : T M → R (modeling the derivative of f ) and a sequence {B k : k = 1, 2, ..} of n × n symmetric matrices (modeling the Hessian of f ) from which we build a sequence of model functions
analogous to a second order Taylor expansion in the Euclidean case.
Then the proposed trust region scheme iteratively computes approximative minima of these model functions over a trust region as follows:
Then in each iteration step we compute d * k or, if this turns out to be not practical,
for a fixed constant 0 < c 0 ≤ 1. Then, depending on the trust ratio in each step we either reduce the trust region by reducing the value δ k and solving (3.1), or we update
see Algorithm 1.
Remark 3.1. A natural choice for the function Φ would be the Clarke generalized directional derivative of f as defined below in (4.1).
In case the Clarke generalized directional derivative of f is not given explicitly (as is the case for instance in [21, Sections 3.2 and 3.3] and [31] ), in Section 4 we also propose a numerical approximation which only solves (3.1). The choice of matrices {B k } is quite general; in our results they simply need to be uniformly bounded but even this property can be weakened; see for instance [42] . In our algorithms we have used a Riemannian generalization of the BFGS method to iteratively update the matrices B k ; see also [43] .
Remark 3.2. Instead of using the exponential map to update x k , we can choose a retraction R : T M → M . The notion of retraction on a manifold, includes all first-order approximations to the Riemannian exponential; see [1] . The retraction can be used to take a step in the direction of a tangent vector. Using a good retraction amounts to finding an approximation of the exponential mapping that can be computed with low computational cost while not adversely affecting the behavior of the optimization algorithm.
In the remainder of this section we formulate assumptions on the Φ to ensure global convergence of the sequence (x k ) k to a critical point of f , in the following sense.
The point x ∈ M is called a critical point with respect to Φ of the objective function f if there exists δ > 0 such that ψ(x, δ) = 0.
In the Euclidean case the notion of critical point as defined in Definition 3.3 is common in the context of nonsmooth trust region methods; see [42, 18] . Note that the upper Dini directional derivative of f at x in the direction d ∈ T x M denoted by f + (x; d) is defined as follows;
Under weak assumptions a critical point corresponds to a so-called 'Dini stationary point' [42] . Indeed, we may impose the following assumption on Φ in order to be able to prove that any critical point of f is also a Dini stationary point of f . 
Input: initial iterate x 1 ∈ M , and B 1 ∈ S(n), where S(n) denotes the space of symmetric n × n-matrices. 4: Output: sequence of iterates {x k }.
where Φ : T M → R is a given function.
6:
Assumed k is an inexact solution of 3.4 in the sense that
ifd k = 0 then, Stop. 
13:
15: 
where
It is obvious that if x is a critical point of f in the sense of Definition 3.3 then for t small enough Φ(x, td) ≥ 0 and therefore lim inf t↓0 Φ(x, td) t ≥ 0. Hence, using
One can also show that a local minimizer x of a locally Lipschitz function f : M → R is always a critical point, provided that the function Φ satisfies some natural assumption. This will be done in Lemma 3.4 below.
3.1. Convergence Conditions. Let Φ : T M → R and I = {1, 2, ...}, N = {x ∈ M : f (x) ≤ f (x 1 )} where x 1 is a starting point for Algorithm 1. Let {B k : k = 1, 2, ..} be a sequence of n × n symmetric matrices. In this section, we make some assumptions on Φ and B k and show that these assumptions ensure global convergence of Algorithm 1 to a critical point of f in the sense of Definition 3.3. We extend results of [42] to the Riemannian case.
We start with the following assumptions on the function Φ.
and there exists δ * such that (3.10) for all δ < δ * the function ψ(., δ) is lower semi continuous, where ψ is defined in (3.5) and the implicit constant in the o-term is uniform over compact sets.
First we show that, provided Φ satisfies Assumption 3.2, every local minimum of a locally Lipschitz function f : M → R is a critical point in the sense of Definition 3.3. In order to establish this result we utilize the following simple lemma which is a straightforward extension of [42, Lemma 3.1].
Lemma 3.5. Suppose that Φ satisfies Assumption 3.2 and let ψ be defined by (3.5) . Then for any We can now proceed to the Proof of Lemma 3.4. Suppose thatx is a local minimizer of f on some neighborhood B(x, δ) which is not a critical point, then Lemma 3.5 implies that ψ(x, 1) > 0. Therefore, there exists dx with dx ≤ 1 such that Φ(x, dx) < 0. Assume that t < 1 is small enough, hence by Assumptions (3.9) and (3.7)
Therefore, if t is small enough
which means thatx is not a local minimizer of f and this is a contradiction.
Now we want to establish conditions for the convergence of Algorithm 1 to a critical point of f .
We need to make more assumptions on the starting point and the sequence (B k ) k .
In order to establish Theorem 3.6 we require the following result which can be proved exactly in the same way as Lemma 3.2 in [42] .
Lemma 3.7. Let x ∈ M and δ > 0, 0 < c 0 ≤ 1. Define
and letd be an approximate solution of the above problem in the sense that
Then, for all ν ≥ δ it holds that
where the second term in the min notation is understood as ∞ if B = 0.
The following lemma proves that if Algorithm 1 generates a sequence {x k } with x k =x for all large k, thenx is a critical point of f . Lemma 3.8. Suppose thatx is an accumulation point of {x k } which is not a critical point. Then there exist > 0 and β > 0 such that for all k satisfying
we have
where x k , δ k , c 2 are the same as in algorithm 1.
Proof. Sincex is not a critical point, Lemma 3.5 implies that ψ(x,δ) > 0 for everyδ > 0. Using Assumption (3.10), let δ * be such that for all 0 ≤ δ ≤ δ * , ψ(., δ) is lower semi continuous. Therefore, there exist θ > 0 and > 0 such that ψ(x, δ * ) = 2θ > 0 and
Assuming that δ k < β < δ * , then by Assumption (3.9) and Lemma 3.7 (3.12)
Assuming that β is small enough, then
which completes the proof.
We can now proceed to the Proof of Theorem 3.6. Note that M is a complete Riemannian manifold and N is compact. We assume that an infinite subsequence {x k : k ∈ I * } converges to somē x which is not a critical point. Let I 0 = {k : r k > c 2 } and I * ⊂ I 0 . Therefore, by Lemma 3.7
By Lemma 3.5, we may find β and 0 such that for all 0 < ≤ 0 and x k ∈ clB(x, ), (3.14) ψ
Hence, we may assume that there is N ( ) > 0 such that for all k ≥ N ( ) and k ∈ I * , we have
By (3.17) and (3.14), we can prove that for all k with k 0 < k ≤ k 1 , where k 0 is an index in I * with k 0 ≥ N ( ) and k 1 is the first index in
and therefore
This means that I 1 must be finite since otherwise k∈I1 ψ(x k , δ 0 ) 2 is not finite.
Therefore, we have lim k→∞ x k =x for k ∈ I 0 and k∈I0 δ k < ∞. This contradicts the fact that δ k+1 ≥ δ k for all large k ∈ I 0 and the proof is complete.
A suitable model function
In the previous Section 3, we have developed a general trust region method and established global convergence, provided that some criteria on the function Φ and the sequence (B k ) k hold true. The present section presents several choices for Φ which lead to convergent algorithms.
4.1.
The Clarke generalized directional derivative. If f were a smooth function, then clearly the function Φ would simply be the directional derivative of f . It is clear that since the function is not necessarily differentiable, we cannot use the differential of the objective function. However we might be able to use generalized directional derivatives instead. Let us continue with the definition of the Clarke generalized directional derivative for locally Lipschitz functions on Riemannian manifolds; see [27, 29] . y )(0 y )(w) = v. Then, the Clarke generalized directional derivative of f at x ∈ M in the direction v ∈ T x M , denoted by f
• (x; v), is defined as
If f is differentiable in x ∈ M , we define the gradient of f as the unique vector grad f (x) ∈ T x M, which satisfies grad f (x), ξ = df (x)(ξ) for all ξ ∈ T x M.
Definition 4.2 (Subdifferential).
We define the subdifferential of f , denoted by ∂f (x), as the subset of T x M whose support function is f
• (x; .). It can be proved
where Ω f is a dense subset of M on which f is differentiable.
1 Therefore, we have a good candidate for the function Φ : T M → R, which can be defined by
see [27] .
The resulting model function leads to a convergent algorithm as the following result shows. Proof. The fact that Φ satisfies Assumption 3.2 follows directly from Theorem 2.4 and Theorem 2.9 of [27] . Therefore, by Theorem 3.6 the resulting trust region algorithm converges.
The ε-subdifferential.
A crucial observation is that the computation of Φ as in (4.1) can be impractical in case that no explicit expression for the subdifferential ∂f (x) is available. Using an approximation of the Clarke subdifferential, we overcome this problem and define a local model that is practically and efficiently implementable.
The following definition presents an approximation of the subdifferential which can be computed approximately; see [25] .
Definition 4.4 (ε-subdifferential).
Let f : M → R be a locally Lipschitz function on a Riemannian manifold M , ε < i M (x). We define the ε-subdifferential of f at x denoted by ∂ ε f (x) as follows;
x (y)(∂f (y)) : y ∈ clB(x, ε)}. The following result has been proven in [24] . We now show that this function Φ satisfies Assumption 3.2.
1 Note that lim grad f (x i ) in this definition is obtained as follows. Let ξ i ∈ Tx i M , i = 1, 2, ... be a sequence of tangent vectors of M and ξ ∈ TxM . We say ξ i converges to ξ, denoted by lim ξ i = ξ, provided that x i → x and, for any smooth vector field X, ξ i , X(x i ) → ξ, X(x) . Proof. It is easy to prove that Φ satisfies Assumptions (3.6) and (3.8). Moreover, Φ| TxM is upper semi continuous, to show this for every > 0, we set δ < /K where K is the Lipschitz constant of f on a neighborhood of x. Now if d − w < δ, then
therefore the claim is proved.
To prove that Φ satisfies Assumption (3.9), note that for (
Now we prove that Φ satisfies Assumption (3.10). To this end, we first prove that:
where B Tx 0 M is the unit ball of T x0 M . To see this; note that for > 0 the set
. It follows from the continuity of (2.1) that there exists an open neighborhood
By the upper semi continuity of ∂ ε f , there exists a neighborhood V of x 0 such that for each x ∈ V , we have
as required. Now we claim that there exists δ * > 0 such that for all x ∈ D and d x ∈ T x M with d x < δ * , we have Φ is upper semi continuous at d x .
To prove the claim; since l x (y) :
x (y) is a smooth function with respect to y, we have that it is bounded on clB(x, ε) by some m x ≥ 0, from the Lipschitzness of f on clB(x, ε), Theorem 2.9 of [27] implies that for every ξ ∈ ∂ ε f (x), ξ ≤ m x K x . Since cl(D) is compact, there exists a finite number of neighborhoods B(x i , ε) such that D ⊂ n i=1 B(x i , ε). Assume that m 1 K := min{m xi K xi : i = 1, . . . , n}, δ * := m 1 K. Let x and d x be, respectively, arbitrary elements of D and T x M with d x < δ * .
We prove that for each > 0, there exists δ > 0 such that
Assume that 0 < < 1, then there exists δ 1 > 0 such that for each y ∈ B(x, δ 1 ) ⊂ D,
Since Φ| TxM is upper semi continuous and Φ(x, 0 x ) = 0, hence there exists δ 3 > 0 such that w x < δ 3 implies that Φ(x, w x ) < /3. Assume that σ := min{δ 3 , m1K 3 }, then the continuity of (2.1) implies that there exists δ 2 > 0,
It is worth mentioning that every critical point with respect to Φ defined by (4.2) is an ε-stationary point; i.e. there is y in clB(x, ε) such that 0 ∈ ∂f (y). A key property of the ε-subdifferential is that it can be approximated efficiently. In our implementations, we substitute the ε-subdifferential of the objective function f with its approximation presented in [24] . Indeed, to approximate the ε-subdifferential at x k , we start with the gradient of an arbitrary point nearby x k and move the gradient to the tangent space in x k via the derivative of the logarithm mapping, and in every subsequent iteration, the gradient of a new point nearby x k is computed and moved to the tangent space in x k to add to the working set to improve the approximation of ∂ ε f (x k ). Indeed, we do not want to provide a description of the entire ε-subdifferential set at each iteration; what we do is approximate ∂ ε f (x k ) by the convex hull of its elements. In this way, let W l := {v 1 , ..., v l } ⊆ ∂ ε f (x k ); then we define w l := argmin
, then we can say convW l is an acceptable approximation for ∂ ε f (x k ). Otherwise, we add a new element of ∂ ε f (x k ) \ convW l to W l . Indeed, having (4.4) implies that the set convW l contains a vector w l such that g l = − w l w l is a good approximation of the steepest descent direction. See [24] for further details on how to algorithmically realize this approximation procedure.
The following lemma proves that if W l is not an acceptable approximation for ∂ ε f (x), then there exists v l+1 ∈ ∂ ε f (x) such that v l+1 , g l ≥ −c w l > − w l , therefore v l+1 ∈ ∂ ε f (x) \ convW l ; for a proof see [24] .
Algorithm 2 is used to find a vector v l+1 ∈ ∂ ε f (x) which can be added to the set W l in order to improve the approximation of ∂ ε f (x). It is easy to prove by Proposition 3.2 and Proposition 3.3 of [39] that this algorithm terminates after finitely many iterations. Therefore, using an approximation of ∂ ε f (x k ) we define a Algorithm 2 An h-increasing point algorithm; v = Increasing(x, g, a, b).
if h(b) > h(t) then 8:
else 10:
end if 12:
which approximately satisfies our assumptions and is easily computable at every d ∈ T x k M . Indeed, if we assume that i ∈ {1, ..., l} is such that for a fixed d ∈ T x k M we have v j , d ≤ v i , d for every j ∈ {1, ..., l}, then for every ξ ∈ convW l , we have ξ := l s=1 α s v s such that l s=1 α s = 1 and therefore ξ, d ≤ v i , d .
Numerical Experiments
The Riemannian nonsmooth trust region algorithm presented in the previous section was implemented in Matlab. To the best of our knowledge, our algorithm is the first practical nonsmooth trust region algorithm for locally Lipschitz functions defined on Riemannian manifolds. In our implementation, we update the sequence of matrices {B k } by using the BFGS method; see [43] . Moreover, we compare the nonsmooth trust region algorithm with Riemannian subgradient descent algorithms presented in [15, 25, 21] . The number of function evaluations is used as a measure efficiency for the algorithms. The parameters are initialized similar to the smooth version of the classical trust method. We set the parameters as c 1 = 0.75, c 2 = 0, c 3 = 0.5, c 4 = 2, c = 10 −4 , ε = 10 −6 , δ = 10 −1 , δ 1 = 10 −1 . The unit sphere S 2 is the smooth compact manifold
and the global coordinates on S 2 are naturally given by this embedding into R 3 . The tangent space at a point x ∈ S 2 is
The inner product on T x S 2 is defined by
The exponential map
Moreover, if x ∈ S 2 , then exp
where θ = arccos x, y . The Riemannian distance between two points x, y in S 2 is given by dist(x, y) = arccos x, y .
Let t → γ(t) be a geodesic on S 2 , and let u =
5.1. Denoising on a sphere. First, we are going to solve the one dimensional total variation problem for functions which map into a two dimensional sphere S 2 . Assuming that M is a manifold, consider the minimization problem [47, 24] . We refer to [47] for the definition of geodesic finite element spaces V M h . Using the nodal evaluation operator ε :
, where x i is the i-th vertex of the simplicial grid on [0, 1], one can find an equivalent problem defined on M n as follows,
, where dist is the Riemannian distance on M . Now we assume that M = S 2 . First, we need to define a function from [0, 1] to S 2 to get the original image. Afterward, we add a gaussian noise to the image to get the noisy image. Finally, we apply Algorithm 1 to the function F * defined on M 100 to get the denoised image; see Figure 1 . Table 1 provides the numerical results for the TV regularization on S 2 using the nonsmooth trust region method and ε-subdifferential method. In this table, 
Denoising on P (2).
Data taking values in a manifold appear naturally in various signal and image processing applications. One example is diffusion tensor imaging where the data live in the Riemannian manifold of positive (definite) matrices; see [9, 40, 54] . The space of all n × n symmetric, positive definite matrices will be denoted by P (n). The tangent space to P (n) at any of its points P is the space T P P (n) = {P } × S(n), where S(n) is the space of symmetric n × n matrices. On each tangent space T P P (n), the inner product is defined by
The Riemannian distance between P, Q ∈ P (n) is given by
where λ i , i = 1, ..., n are eigenvalues of P −1 Q. The exponential map
Moreover, if P ∈ P (n), then exp −1
where log, exp, denote the logarithm and exponential functions on matrix space. For another example, we assume that M = P (2). We add a noise to an original image on P (2). Then we apply our nonsmooth trust region algorithm to F * on M 100 to denoise the noisy image. In Figure 2 , we present the results regarding to the minimization of F * on M 100 . Table 2 provides the numerical results for the TV regularization on P (2) using the nonsmooth trust region method and ε-subdifferential method.
5.3.
Riemannian geometric median on a sphere. Our second numerical experiment is concerned with the Riemannian geometric median on S 2 . Let M be a Riemannian manifold. Given points p 1 , ..., p m in M and corresponding positive real weights w 1 , ..., w m , with m i=1 w i = 1, define the weighted sum of distance functions
where dist is the Riemannian distance function on M . We define the weighted geometric median x as the minimizer of f . When all the weights are equal, w i = 1/m, we call x simply the geometric median. Now, we assume that M = S 2 . Table 3 provides the numerical results for finding the geometric median on S 2 with m = 5000, using the nonsmooth trust region method and the ε-subdifferential method. The starting point and the points p i are chosen randomly. As before, "nfval" stands for the number of function evaluations; we also have presented the minimum value of the function. The number of function evaluations is considered as a measure of efficiency for the trust region method.
5.4.
Rayleigh quotients on a sphere. Now we are going to compare our nonsmooth trust region algorithm with the Riemannian subgradient descent presented in [21] . To this end, we consider the maximum of m Rayleigh quotients on the sphere S n−1 , i.e., where A i ∈ R n×n is symmetric. Our aim is to find a minimum of f . Table 4 provides the numerical results for finding the minimum of f on S 2 with m = 20, using the nonsmooth trust region method and the subgradient descent method.
Moreover, we say that an algorithm solves a problem successfully if the following condition is satisfied:
where f opt is the minimum value of the function and f * is the minimum value obtained by the algorithm, and = 10 −4 is an accuracy level. Figure 3 shows that the nonsmooth trust region algorithm solve the problem.
5.5.
Sphere packings on Grassmannians. The sphere packings on Grassmannians have many applications in wireless communication and statistics and seem to be good candidates for use in quantum information theory; see for example [6, 14] . We assume that the Grassmannian Gr(n, k) is the set of all k-dimensional linear subspaces of R n . In this section, we consider the problem of the packing of m spherical balls on Gr(n, k) with respect to the chordal distance. Let B(P, r) denote the ball in Gr(n, k) with respect to chordal distance. Then we would like to find m points P 1 , ..., P m in Gr(n, k) such that (5.4) max{r| ∀i = j : B(P i , r) ∩ B(P j , r) = ∅}, is maximized. This problem has been solved in [21] using a subgradient method. Indeed, Gr(n, k) can be identified with the set {P ∈ S(n)| P 2 = P, tr(P ) = k}; see [26] . Moreover, the tangent space of the Grassmannian at the point P , denoted by T P Gr(n, k), is the following set T P Grass(n, k) = {P Ω − ΩP | Ω ∈ so(n)}, where so(n) = {Ω ∈ R n×n | Ω = −Ω}.
As Gr(n, k) is a subset of the Euclidean vector space S(n), the scalar product P, Q := tr(P Q) induces a Riemannian metric on it. Therefore the chordal distance on Gr(n, k), denoted by dist(P, Q), is defined by dist(P, Q) = 1 2 P − Q F , where . F denotes the Frobenius norm. On Gr(n, k) with the induced Riemannian metric, the geodesic γ emanating from P in the direction η ∈ T P Grass(n, k) is defined by γ(t) = exp(t(ηP − P η))P exp(−t(ηP − P η)). The problem (5.4) is equivalent to the minimizing the following nonsmooth function; (5.5) F (P 1 , ..., P m ) := max i =j tr(P i P j ), on Gr(n, k) × ... × Gr(n, k); see [31] . In Table 5 , we illustrate the results of the nonsmooth subgradient (SB) method and nonsmooth trust region method (TR) for the sphere packing in Gr(16, 2) with m = 10 and the same arbitrary starting points for both methods.
Conclusions
We have presented a practical algorithm in the context of trust region methods for nonsmooth problems on Riemannian manifolds. To the best of our knowledge, this is the first paper on nonsmooth trust region method on Riemannian manifolds. We also introduce a practical local model in our trust region scheme for locally Lipschitz functions. We have seen that the use of exponential map yields trust region subproblems expressed in Euclidean spaces T x M . Therefore, all the classical methods for solving the trust region subproblem can be applied. In our implementation, we use the approach based on the Cauchy point and the CG-Steihaug methods; see [3] . The main result is the global convergence property of our trust region method which is stated in Theorem 3.6.
An implementation of our proposed trust region algorithm, along with the subgradient and ε-subgradient methods, is given in Matlab environment and tested on some problems. Numerical results of the considered algorithms show that comparing with the ε-subgradient algorithm, the nonsmooth trust region algorithm has a better performance in terms of the number of function evaluations. Moreover, comparing with the subgradient algorithm, the nonsmooth trust region method gives us a better approximation of the minimum value of the function for some examples.
